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ABSTRACT 

Ambient vibrations are major source of wasted energy, exploiting properly such vibration 
can be converted to valuable energy and harvested to power up devices, i.e. electronic 
devices. Accordingly, energy harvesting using smart structures with active piezoelectric 
ceramics has gained wide interest over the past few years as a method for converting such 
wasted energy. This paper provides numerical and experimental analysis of piezoelectric 
fiber based composites for energy harvesting applications proposing a multi-scale 
modeling approach coupled with experimental verification. 

The multi-scale approach suggested predicting the behavior of piezoelectric fiber-based 
composites use micromechanical model based on Transformation Field Analysis (TFA) 
to calculate the overall material properties of electrically active composite structure. 
Capitalizing on the calculated properties, single-phase analysis of a homogeneous 
structure is conducted using finite element method. The experimental work approach 
involves running dynamic tests on piezoelectric fiber-based composites to simulate 
mechanical vibrations experienced by a subway train floor tiles. Experimental results 
agree well with the numerical results both for static and dynamic tests. 

1. INTRODUCTION

Sources of energy surround us where a great percentage of such energy is wasted. One of 
these wasted sources of energy is the ambient vibrations presented from machines, 
ground, biological systems, etc; where embedded smart materials that are responsive 
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toward external stimuli can be utilized as harvesters embedded inside structures (1). 
These studies identified the role of adaptive smart materials in energy harvesting 
applications; where electrically active materials, that couple mechanical and electrical 
properties become of special importance for energy harvesting applications. This need 
has led to raising concern of piezoelectric materials as one of the promising materials for 
energy harvesting applications; as a result of its unique reversible process that depends on 
the linear interaction between the mechanical state (resulting from the applied loads) and 
the electrical state (extracted from ambient vibrations). 

The concept behind the use of piezoelectric materials involves the combination of energy 
harvesting and energy storage in producing electrical energy through a direct application 
of the piezoelectricity concept, where the maximum power output is obtained when the 
frequency of the ambient vibration is closely equivalent to the resonant frequency of the 
vibrated structure. Piezoelectric materials in energy harvesting gained wide attention 
when Hausler and Stein used Polyvinylidene Fluoride film to harvest energy from ocean 
waves (2). Following studies by Straner, T. tackled the concept of harvesting wasted 
energy from daily activities (3). Among more recent studies, Elvin et al. discussed power 
harvesting and sensing from a strain sensor, as a PVDF film. The strain sensor was 
bonded to a beam in a four point bending test, where the power generated was actually 
enough to broadcast wireless signal of 2 meters long, in a laboratory setting, where the 
sensor’s response was dependent on both the frequency and the applied load (4). 
Meninger discussed the use of a MEMS-scale variable capacitor transducer in order to 
convert mechanical vibrations into electrical energy for low power electronics where 
two harvesting methods were proposed. The first method was a voltage constrained cycle, 
while the second was a charge constrained cycle where it was found that a MEMS device 
designed to vibrate at 2520 Hz was predicted to generate a power of 8.6μW (5). Ottman 
et al proposed a method of increasing the harvested energy from a piezoelectric device 
using a step-down DC-DC converter where at lower excitations the circuit was designed 
to bypass the step-down converter circuit and charge the battery using the 
rectified piezoelectric signal as it resulted in increase of power to be 30.66 Mw (6). 

In 1996 and 1997 Umeda et al. utilized an equivalent circuit model in order to predict the 
response of piezoelectric vibrator plate when being impacted with a steel ball inferring 
through simulation that maximum resistance exists for maximum power transfer from the 
piezoelectric layers and most of the potential energy is converted into another energy 
which helps the ball to rebound back off the vibrating plate leading the efficiency to 
decrease. Further studies that included means of rectifier and storage capacitor and an 
experimental design to validate the previously mentioned simulation results led to ~35% 
efficiency (7) and (8). In 1999, Goldfarb and Jones applied an experimental and 
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analytical research in order to tackle the problem of efficiency of energy harvesting of a 
piezoelectric generator. They had a piezoelectric stack arranged mechanically in series 
and electrically in parallel where this experiment resulted in maximum conversion of 
energy efficiency occurs at low excitation frequency less than the resonance frequency of 
the stack (9). 
 
A common benchmark for energy harvesting applications use a cantilever plate subjected 
to base excitation (10). Initial investigations focused on the applicability of piezoelectric 
wafers embedded within the composite laminates. However, with recent advancements in 
manufacturing technology, Macro Fiber Composites (MFC) with embedded electrically 
active Lead Zirconate Titnate [PZT] fibers are becoming superior to monolithic wafers 
due to enhanced mechanical properties (11), (12) and (13). 
 
Such composite materials are robust, in-expensive to fabricate, flexible (even in complex 
motion such as twisting), and have higher strength and performance than monolithic 
materials (14). Sodano et al investigated the vibration of similar piezoelectric composite 
materials both at resonant and random frequencies; it was found that the MFC materials 
could generate a maximum power of 2mW when reaching the resonance of the clamped 
plate. In addition, power was stored in both rechargeable batteries and capacitors (15). 
Later Sodano compared between the two different piezoelectric generators (monolithic 
piezoelectric materials and macro fiber composites) (16)] for energy harvesting 
applications where he investigated the ability of piezoelectric based composite materials 
to recharge batteries. In 2007, Farmer has introduced a thorough comparison of power 
harvesting techniques and its related energy storage issues (17). 
 
On the other hand, numerical modeling of piezoelectric fiber-based composites [PFC] is 
mainly focused on the interpretations of overall behavior of composite-structures 
subjected to electrical or mechanical actuation. Analytical quantification of effective 
properties in active composites was subject to rigorous scrutiny. The spectrum of 
solutions suggested for composites with active constituents are based on expanded 
problems for inactive composite material, which include electro-mechanical coupling 
effect. Earlier models computed effective electro-mechanical properties of composite 
materials based on the Eshelby proposed solution for an infinite matrix with ellipsoidal 
inclusion (18), (19), (20) and (21).A different methodology involves asymptotic 
expansion homogenization techniques to extrapolate the electro-mechanical behavior of 
electrically active composite materials. Imposing mechanical and non-mechanical 
boundary conditions, a unit cell model can be used to characterize an idealized periodic 
geometry through the governing equations of local fields (22). Bahei-El-Din further 
expanded on this approach to compute the overall electro-mechanical response of 
electrically active woven composites using Transformation Field Analysis (TFA) while 
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accounting for damage progression in composite lamina (23). Incorporating the active 
material properties obtained from the TFA model, the dynamic behavior of the composite 
is evaluated as a single-phase homogenous structure with electro-mechanical behavior. A 
finite element method is utilized to conduct the dynamic analysis and obtain resonance 
frequencies of piezoelectric fiber-based composite. The proposed modeling approach 
verified through an experimental study conducted on PFC manufactured by Advanced 
Cerametrics Inc. The piezoelectric fibers are aligned unidirectional inside a resin matrix 
in order to provide damage tolerance for the load applied. To accurately capture the 
proper dynamic behavior of PFCs, piezoelectric fiber-based composite bimoprh (PFCB) 
is used. As demonstrated in Figure 1, PFCB consists of two PFC layers bonded to a 
sandwiched stainless steel sheet, a bimorph piezoelectric fiber composite PFCB have a 
d33 effect along the direction of the aligned fibers. 
 

 
Figure 1 (a) PFC composite acquired from Advanced Cerametrics, Inc. (14), (b) Material layup of PFCBs (PFC, 

Stainless Steel, PFC) 

 
 

2. METHODOLGY 
 

2.1  Piezoelectric Material 
 

An active fiber composite (AFC) bimorph was selected to undergo the experimental 
analysis of the thesis. Piezoelectric Fiber Composites (PFCs) are AFCs which are 
manufactured by Advanced Cerametrics Inc., they are unidirectional aligned piezoelectric 
fibers that provide the composite with sufficient electric charge and stiffness. These 
fibers were manufactured carefully such that a resin matrix called epoxy surrounds the 
fibers in order to provide damage tolerance through load application. There are two 
separate interdigitated electrode layer which delivers electrical inputs and outputs. 
Advanced Cerametrics Inc. has conducted tests which proved that thin fibers of 
piezoelectric materials with a dominant dimension, length and very small cross section 
are capable of obtaining optimal outputs in both the direct and converse effects of 
piezoelectricity.  
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A piezoelectric fiber composite bimorph (PFCB) is used in order to increase the output 
power developed by inducing strain. There are two effects of piezoelectric composites 
which are d  and d . The used type of PFCB is a bimorph piezoelectric fiber composite 
PFCB-W14 –having    effect. The different two types are of longitudinal and 
transverse piezoelectric coefficients for the rectangular piezoelectric fibers such as 

   types, respectively. Figure 2 shows the used type of PFC having an active 
length of the PFCB-W14 is 130mm, active width 14mm and 1.1mm thickness. According 
to Advanced Cerametrics Inc. the resonance frequency of the PFCB-W14 is about 27Hz 
(Advanced Cerametrics Inc. Piezoelectric Fiber Composites). 

 

 

Figure 2 PFCB-W14 

 
2.2 Numerical Modeling 

 
The suggested computational approach discussed in this paper follow a multi-scale 
approach to model the electric and mechanical behavior of electrical-active -fiber 
embedded in a polymeric-matrix. The two stage approach consist of numerical 
quantification of overall electro-elastic coefficients using TFA scheme and dynamic 
structural analysis using ABAQUS (FEM) to model the dynamic behavior of PFCBs. 
Electrically induced strains in active medium is treated as transformation strains and 
resultant local fields and overall composite response is quantified through the TFA 
originally described by Dovark, G. J. (24); TFA computes the local fields using micro-
geometry dependent concentrations factors, presented in Table 1. Micro-properties of 
composite are used to assemble the stiffness matrices in the governing equations and 
variable fields are solved using finite element software (25) and (26). 

. 
 

Table 1 Material properties of PZT-5A (23) and (26) 

Type E      

365



GPa ( × ) ( . × ) 

PZT-5A 69 0.34 374 -171 584 15000 
Epoxy 3.35 0.35 - - - - 
 

2.1.1 Constitutive Equations 
 

Piezoelectric response can be defined through two reversible effects; first, the production 
of an electric field as a direct response to an applied stress; and second, a converse effect 
represented by mechanical deformation as a response to an applied electric potential. The 
linearly formulated constitutive equations binding the response of piezoelectric material 
are standardized by IEEE (27) . The constitutive equations for piezoelectric material are 
derived from the thermo-dynamical principles correlating the electric field [ ], strain [ ], 
stress [ ] and electrical displacement (28) and (29). 

= +                                                        (6)  

= +                                                      (7) 

Where, is the [6x6] compliance vector for piezoelectric material,  is the [6x3] 
piezoelectric coupling co-efficient vector,  is the [3x3] permittivity vector. The two 
equations can be symmetrically combined in matrix notation. 

=                                                 (8) 

 

Rearranging the constitutive equations for stress function 

=                                                       (9) 

where,  is the [6x6] stiffness matrix  

=                                                         (10) 

For transversely isotropic piezoelectric material, the coefficients can be expressed in 
matrix notation as the following: 

=

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

                                 (11) 
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d = [ ~ 
0 0 0 d1s 

~ 0 0 d1s 0 (12) 
d31 d31 d33 0 0 

[~' 
0 

.~J E= 0 Eu 
0 0 

(13) 

Piezoelectric fiber-based composites consist of transversely isotropic ceramic 
piezoelectric fibers aligned in an isotropic polymer based matrix. The resultant composite 
material will be transversely isotropic material represented by 11 mutually exclusive 
coefficients representing the electro-mechanical response of the homogenized composite 
(25). 

2.1.2 Transformation Field Analysis (I'FA) 

The micromechanical analysis is conducted using the TF A scheme to quantify the overall 
effective electro-mechanical properties of active PFC composites. Transformation field 
analysis represents overall response of the material through separating elastic and 
inelastic fields. All non-mechanical fields due to thermal or electrical actuation are 
considered as inelastic and treated as transformation fields, which remain in material after 
removing mechanical loads. The accuracy of the two-phase representation is affected by 
large variations in the transformation field, thus further subdivision for constituents is 
conducted through a Representative Volume Element [RVE]. The RVE demonstrated in 
Fig. [2] represents a single cell repeated throughout the material, which under an 
idealized assumption provide periodic arrangement. The unit cell used in this 
transformation field analysis is Periodic Hexagonal Array [PHA] (30). 

Figure 3 PHA Representative volume element employed in TFA 
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Eigen stresses [ ] and strains [ ] are used to describe transformation fields for the 
representative volume element. Accordingly the constitutive equations for each element 
in an RVE can be written to incorporate induced transformation fields due to uniform 
stress [ ] or strain [ ]. 

= +                                       (7) 

=  +                                      (8) 
   

where i represent number of elements inside the RVE [1,2…Q]. Comparing equations 
with constitutive equations for PFC, the transformation fields can be attributed to an 
applied electric field in electrically active piezoelectric fiber-based composites. 

=      
 (9) 

 

=      
 (10) 

For the RVE entity, the strains and stress caused by uniform stress or strain are super-
positioned across the entire volume. 

= + ,                      (11)  

= + ,                      (12) 

 

where,  is the number of elements carrying transformation fields inside the RVE, and  
and are concentration factors used to describe the volume strain and stress in terms of 
overall counterparts. and are constant influence functions depends mainly on the 
elastic moduli of each element. These matrices are numerically attained through finite 
element analysis of the RVE under unit load and respective boundary conditions.  

 

2.1.3 Carrera Unified Formulation 
 
With overall properties extracted from the transformation field analysis, the extended 
plate theory can be used to describe the behavior of idealized composite layer.  The 
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governing equations for piezoelectric material using PVD can be described with two 
variables, displacement and electric potential (31).  

 + =     (13) 

+ = 0     (14)                            

Where ,  stand for the displacement vector and electric potential respectively. While 
the matrices K are functions of the electrical and mechanical properties of the material, 
for multiple layers the matrices are assembled accordingly. , stand for the inertia 
matrix and the second derivative of the displacement respectively, and  signifies the 
mechanical load exerted. 

The variables can be presented by using the unified formation as function of ( , , ) 
and expansion functions in the z direction.  

  ( , , ) =      (15)                            

  ( , , , )  = ( ) ( , , ) = 1,2, … .  (16) 

The expansion functions are used to achieve higher order approximation across the 
thickness direction,  signifies the order of the expansion in the z direction ranging from 
1 to Q, however, in the formulation the equation can be expanded up to the fourth order. 
Legrendre polynomials are used to express the expansion functions; their value depends 
on the element shape and natural coordinates. 

The computation of the variables is done through a finite element model. Shape functions 
are used to define the relation between the nodal values and the element variable. 
Accordingly the equation is written as following; 

  ( , , , ) = ( ) ( , , )   (17) 

In the above equation the qdescribe the nodal value of the variable vector. Using 
the above relation the governing equation can be rearranged: 

  + =    (18) 

  + = 0    (19) 

The subscripts , , ,  are the indices used in the assembly of the stiffness matrix, where 
, and ,  are related to the shape functions and expansion functions respectively. 

Subscript kindicates layer wise analysis for laminated plate structures. 
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2.1.4 Finite Element Modeling (FEM) 
 

FEM approach is achieved through ABAQUS software in order to expand the scale for 
structural dynamic analysis (32). The electromechanical properties of the PFCBs are 
extracted from the micro-mechanical results of the TFA, knowing that the composite is 
treated as a single phase homogenous structure in the finite element model.  It is vital to 
identify the different resonant frequencies for energy harvesting in order to avoid the 
improper utilization of the piezoelectric material elements. Hence, the frequency analysis 
is used to compute the different mode shapes of the PFCB and to compare them 
experimental results (25) and (26). Figure 2 shows the applied boundary conditions of the 
PFCB material. Numerical validation is then conducted through convergence testing in 
order to achieve mesh independence.  

 

 
Figure 4 (a) Dimensions and mechanical constraints applied on PFC, (b) Meshed geometry using ABAQUS 

 
 
 

3. EXPERIMENTAL ANALYSIS 
 

This section presents an experimental analysis that validates the dynamic behavior of 
PFCB-W14 that was obtained by finite element modeling (FEM). The main aim of the 
experimental analysis is to capture the optimal voltage output versus frequency to 
identify the resonance occurrence during the dynamic vibration. Experimental analysis 
took place on two different setups targeting two different objectives. The first 
experimental analysis took place to investigate the behavior of the PFCB-W14 when 
applied to low frequencies and high amplitudes, while the other was to provide a detailed 
study for the sample using high frequencies and low amplitudes. The detailed study 
included designing a simple circuit to obtain current and power from the PFCB-W14 and 
determining the mechanical amplitude that is displaced by the harvester since it was 
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obtained in an electrical voltage. The following subsections will provide a detailed 
description for the two different setups and its obtained results. 

 

3.1 Low Frequency and High Amplitude Ranges 

Vibration of the PFCB-W14 took place using a universal testing machine (INSTRON 
8801). The experimental setup used in this subsection is shown in Figure 3. A small steel 
fixture was manufactured in order to hold the sample. A steel fixture was selected due to 
its low damping coefficient and high strength when compared to a previously tested 
artilon material. Excitation of the PFCB-W14 took place through adjusting the universal 
testing machine to conduct the required dynamic tests for different frequency and 
amplitude ranging from 20-40Hz and 10-50mm respectively. Each experiment was held 
for 30 seconds. 

 

Figure 5 Experimental setup for low frequency and high amplitude ranges 

 

3.2 High Frequency and Low Amplitude Ranges 
On the other hand, Figure 5 shows the complete experimental setup for high frequency 
and low amplitude ranges where vibration of the PFCB-W14 took place at the BUE using 
a V20 shaker to introduce harmonic mechanical excitation which produces 14 kHz and 
weighs about 15 kg, and a PA100E amplifier that produces 100W and weighs 5.5 kg (33). 
This amplifier is used to transfer and control the signal out from a Hameg HM8150 signal 
generator having a frequency range of 10mHz-12.5MHz and an output voltage of 
10mVpp-10Vpp with an impedance of 50ohms (33) and (34). Figure 28 shows the 
previously mentioned components. 
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Figure 6 Experimental setup High frequency and low amplitude ranges 

 
 

4. RESULTS and Discussion 
 

4.1 Numerical Results 
 

The dynamic modeling of the PFCBs captures the mode shapes and the corresponding 
resonance frequencies occurring at 24.813 Hz, 155.46 Hz, 205.79 Hz, 435.14Hz and 
552.92Hz. Capturing the resonating frequencies enables proper exploitation of 
piezoelectric harvester as resonance is associated with maximum possible deformation of 
the composite structure, thus in analogy with constitutive equations achieve the 
maximum output voltage and current and accordingly maximum energy output. Figure 5 
shows the results of the dynamic analysis. 
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Figure 7 Five mode shapes of PFCB-W14 

 
4.2 Experimental Results 

 
4.2.1 Low Frequency and High Amplitude Ranges 

Readings for the PFCB-W14 were tabulated at frequency ranges from 20-40 Hz and 
amplitude ranges from 10-50 mm for 30 seconds to identify the resonance occurrence 
during dynamic vibration. It was found that 20mm, 30mm and 50mm amplitudes the 
optimum voltage occurred at 36Hz, 23Hz and 30Hz having a value of 1.81V, 1.52V and 
1.31V respectively, while for 10mm and 40mm amplitudes the optimum voltage output 
occurred at 28Hz having a value of 2.187V and 1.59V respectively. It was noticed that 
best results were obtained at 28Hz which is the same resonance frequency that were 
provided in the data sheet. Two comments should be added as a notice for this 
experimental type of experiment. The readings are of scale 1:10. The second comment is 
that the universal testing machine represents a large percentage of error which resulted in 
obtaining higher maximum voltage at lower amplitude. This error was investigated and 
was solved in the second experimental setup when using an electromagnetic shaker 
having high frequency and low amplitude ranges. 

Figure 7 shows the best obtained voltage versus frequency according to both the 
datasheet provided from Advanced Cerametrics Inc. and the FEM where resonance 
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frequency occurred at 28Hz and 24.813Hz respectively (Advanced Cerametrics Inc. 
Piezoelectric Fiber Composites). The best voltage value peaks at 28Hz for 10mm and 
40mm amplitudes which mean that the numerical modeling provides an adequate 
approximation to the resonance of the PFCB-W14. 

 

Figure 8  Resonance Frequency determined to be 28 Hz at 10mm and 40mm amplitudes 

4.2.2 High Frequency and Low Amplitude Ranges 
Readings for the PFCB-W14 were tabulated at frequency sweep of 10-200Hz at electrical 
amplitude of 100V_ppm for 100 seconds to identify the first two modes of shape of the 
piezoelectric material during dynamic vibration. Figure 8 shows that the optimum output 
voltage obtained when no resistance was added 8.5Vrms and 5.02Vrms at 20.25Hz and 
143.79Hz respectively. There is noise presented at 1Hz and 60Hz and this resembles a 
pick up voltage with other signals inside the vibration lab. 

 

 

Figure 9  Obtained 1st and 2nd modes of shape when no resistance was added 
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In order to obtain current and power, a circuit design with different resistances was 
essential. Knowing that the internal resistance is effective only in case of adding an 
external resistance, another experiments were conducted since the voltage value will 
change. When adding a resistance of 99.7Kohm, a 0.976V, 0.0098mA and 0.096mW was 
obtained at 19.23Hz which resembles the first mode shape, and 2.06V, 0.021mA and 
0.0427mW at 142.7Hz which resembles the second mode shape. It is important to note 
that when adding a 99.7Kohm resistance it decreases the voltage and current of the first 
mode shape dramatically leading to the obvious appearance of noise. A higher resistance 
of 216Kohm was added in order to investigate the changes of voltage, current and power. 
A 216Kohm has led to the occurrence of 2.28V, 0.0083mA and 0.024mW at 20.25Hz as 
a first mode shape, and 2.94V, 0.0136mV and 0.03988mW at 144.7Hz as a second mode 
shape. Another higher resistance was added, where it was found that at 476Kohm 
voltage, current and power take place at 4.077V, 0.0086mA and 0035mW respectively at 
20.25Hz for the first mode shape. While at 144.7Hz for the second mode shape, voltage, 
current and power take place at 3.75V, 0.0079mA and 0.0295mW respectively. A 
537Kohm resistance was used where it was obtained at 19.24Hz as a first mode shape 
having a voltage, current and power of 4.077V, 0.0086mA and 0.041mW respectively. 
While at 144.7Hz a voltage of 3.85V, current of 0.0068mA and power of 0.0261mW was 
obtained. It was observed that when adding 537Kohm voltage and power of second mode 
shape is slightly lower than that of the first mode shape. Finally first mode shape was 
obtained at 20.25Hz, while second mode was obtained at 139.7Hz when adding a 
resistance of 754Kohm. For the first mode shape voltage, current and power occurs at 
2.787V, 0.0037mA and 0.01mW, while for the second mode shape voltage, current and 
power occurs at 4.11V, 0.0055mA and 0.0224mW respectively. Figure  9 shows all the 
obtained values for the voltage, power and current. 
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Figure 10 Obtained voltage, current and power using different values of resistors respectively 

 

 

5. CONCLUSION 
 

In the current study a multi-scale approach been utilized to extract the behavior of 
composite structures with electrically active fibers. The model demonstrated proper 
approximation of the experimental results. Both models, the micro-scale (TFA) model 
and macro-scale model (FEM), been successfully utilized through a hierarchal approach; 
accuracy is increased substantially with fiber-fiber interaction scheme of the TFA in 
micro-scale and the structural response in macro-scale. Extracting the electro-mechanical 
properties of the composite material from the micro-mechanical model allows a 
significant reduction in the computational cost at the macro-scale and therefore enables 
the modeling of more complex geometry and structures utilizing the proposed multi-scale 
approach. Experimental analysis on PFCBs indicates that the multi-scale model present 
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proper representation of the dynamic behavior associated with PFCs, thus this model can 
be expanded toward energy harvesting devices that efficiently capture dynamic energy. 

Future work is presented in energy harvesting using piezoelectric materials to convert the 
mechanical strain induced inside the trains into electric charges to empower the train’s 
light. A simple schematic 3D drawing was created using Solidworks in order to create a 
preliminary imagination for the model. The model consists of three patches of 
piezoelectric materials connected together in parallel connections since this produces 
higher output, shown in Figure 10. These patches are mounted on a floor which is 
beneath it a spring that is mounted on the main floor of the train. This model is supposed 
to vibrate due to the motion of the crowd inside the train or due to the train motion. 

 

 

Figure 11 Preliminary model for achieving the future work 
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